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NECKING OF A BARt

WINSTON H. CHENt

International Business Machines Corporation. Systems Development Division. Endicott. N.Y.

Abstract-The necking process of an axisymmetric tension specimen made of elastic-plastic. strain-hardening
material is analyzed by a generalized J2-flow theory for large deformations. The governing equations are solved
in a Kantorovich type approach based on a variational principle. The effects of both geometric nonlinearities
resulting from large deformation and the physical nonlinearities arising from plastic material behavior are con
sidered. Numerical results have been found for the stress and deformation histories in the specimen up to 50 per
cent reduction of the neck radius. The shape of the neck. for the first time, is rationally calculated.

1. INTRODUCTION

THE conventional tension test is usually considered to provide the basic tensile properties of
materials. The test does provide knowledge of the intrinsic stress-strain relation up to a
point. However, after necking occurs in a tension specimen, the distributions of stress and
strain become very complicated and are not known. The information obtainable from the
test thereafter is only some kind of average stress-average strain relation. A typical tension
specimen after necking occurs is shown schematically in Fig. 1.

In order to provide a better understanding of the true stress-strain relation, Bridgman
[IJ studied the stress distribution at the narrowest section (section A-B in Fig. 1) of a
necked-down axisymmetric tension specimen and obtained a semi-empirical solution. His
analysis was based on the assumption that the axial strain across the narrowest section
was uniform. Davidenkov and Spiridonova [2J, by an analysis similar to Bridgman's,
obtained another result for the stress distribution at the neck. In both of these analyses the
displacements and hence the shapes of the necked profiles of the tension specimen were not
calculated. In fact, the determination of the stress distribution had to rely on measured
values of the neck diameter d and radius of curvature p (see Fig. 1). These solutions, there
fore, were not entirely rational. Thomason [3J has calculated the profiles of the axisymmetri
cally necking tension specimen, based on a "maximum unloading rate" hypothesis. But no
solution for the stress distribution was included in his analysis. Recently, Segal [4J has
studied the plastic flow in the neighborhood of the neck of an ideally plastic tension speci
men. He made some calculations both for the stress and the displacement fields. However,
the analysis did not provide a complete solution for the stress and the strain distributions.
These earlier investigations evidently do not provide an adequate analytical solution to the
problem of necking in strain-hardening bars.

In a rigorous analysis, it is necessary to find the displacement and the stress in the
whole specimen, not just at the neck; and for the complete loading history, not just at a
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FIG. 1. Necked-down tension specimen.

particular deformation stage. The effects of plastic unloading must be considered; also, the
large changes in geometry that occur during necking must be taken into account.

The purpose of the present analysis is to <:alculate rationally the deformation (and hence
the necking shape) and the stress distribution in a tension specimen throughout its loading
history. The tension specimen considered is of finite length and initially has some im
perfection on the lateral surfaces in such a way that the radius at the middle is slightly smaller
than the radius at the ends. The specimen is subjected to a uniform axial displacement at
the ends and is elongated in such a way that the ends remain shear free. The specimen
material is assumed to be isotropic, elastic-plastic and strain-hardening. A variational
equation of equilibrium for large deformation, in conjunction with the approximation
method due to Kantorovich [5J, is used to solve for the field variables. A generalized J2-flow
theory for elastic-plastic materials with large deformation effects is used in the analysis.
Thus, both the effects of the geometric nonlinearities resulting from large deformations
and the physical nonlinearities arising from plastic material behavior are included in this
analysis.

2. FIELD EQUATIONS

A set offield equations for analyzing arbitrary deformations of elastic-plastic materials
will be presented. The equations involved are written in a general form with the use oftensor
notation.

2.1 Equilibrium

The notation and equations of equilibrium used in the present analysis follow those of
[6]. The pertinent results of [6J will be briefly reviewed.
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Let a material point of a solid body be identified by the coordinates (~1, ~2, ~3) and
let the vectors rand i denote respectively, its position when the body is undeformed and
deformed. The covariant base vectors of the undeformed and deformed body are ei =
or/o,i, and ei = or/oe, respectively, and the covariant components of the metric tensors are

gij = ei' ej

Gij = ei' ej

with inverses gij and Gij. The contravariant base vectors are ei = gijej and ei = Gijej .
One defines the contravariant tensor components ui of displacement u = i - r by the

relation

The Lagrangian strain tensor is defined by

'1ij = ~Gij-gij) = ~VjUi+ViUj)+tgst(ViUS)(Vpt)

(1)

(2)

where Vi denotes covariant differentiation in the undeformed body. The stress tensor (J

in the deformed body may be written symbolically in terms of its contravariant components
aij as

(3)

Consider an arbitrary volume V of the undeformed body bounded by a surface S; after
deformation these become Vand S, respectively. Let n be the unit normal to S and define
ni by the relation

Ifbody forces are neglected, the equation offorce equilibrium governing the stress rate and
displacement rate given in [6J is

(4)

where qij = J(G/g)aij is the Kirchhoff stress; here G and g are the determinants of Gij
and gij' respectively, and ( .) denotes differentiation with respect to a monotonically in
creasing quantity such as time t.

If surface traction rates t = tiei per unit original area are prescribed, then

(5)

on the boundary. Prescribed displacement rates v= viei are satisfied by letting Ii = Vi.
A variational equation governing ui and qij, which can be deduced from the classical

principles of virtual work, is

(6)

for all states qij, ui, t i satisfying equilibrium, and all displacement variations bUi' with
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Either the equilibrium equation (4) or the variational equation of equilibrium (6) can be
used, in principle, for analyzing plasticity problems involving large deformations. In the
present analysis, the variational equation (6) will be used, in conjunction with a Kantorovich
approximation method, to solve for the field variables.

The field equations are still incomplete and must be augmented by constitutive relations
between stress and strain-or, more precisely, between stress rates and strain rates.

2.2 Constitutive equation

There have been several forms of the constitutive equations for elastic-plastic materials
involving large deformations, such as those suggested by Green and Naghdi [7], Lee and
Liu [8], Cameron and Scorgie [9], Lee [10] and Willis [11]. However, in the present analysis
of the large deformation in a tension specimen, the new constitutive equation given below
seems to be more convenient to use.

The materials considered are isotropic, elastic-plastic and strain-hardening. For
simplicity, neither a Bauschinger effect nor the influence of temperature is included. It is
assumed that the actual strain rate ~ij can be written as the sum of the elastic strain rate
~t and the plastic strain rate ~~' The elastic stress-strain relation as suggested by Budiansky
[12] is

(7)

where O"} = O"ikGkj is the mixed tensor component ofthe stress tensor, E is Young's modulus
and v denotes Poisson's ratio. This is a generalized Hooke's law which includes large
deformation effects. Equation (7) is not integrable and is not a rigorous constitutive relation
derived from the theory of elasticity for arbitrary deformation. But it will not result in
significant errors for the present analysis, because for infinitesimal strain equation (7) is the
exact statement of Hooke's law; and for large deformation in the present necking problem,
the elastic strain only plays a minor role and is dominated by the plastic strain.

The plastic stress-strain relation is a generalization of the J2-flow theory to include
large deformation effects. Let us begin with the J2-flow theory for infinitesimal strains.
Referred to the Cartesian coordinates, the stress and strain tensor components are O"ij and
e ij , the stress deviator is Sij = O"ij--!bijO"kk' and the effective stress is defined by O"e = [!sijsijJ!-.

The yield function is F = 0"e - c, where C is the initial yield stress or the maximum value of
0"e which has occurred in the stress history, and the flow rule states that the plastic strain rate
is

if O"e < C,

or 0"e = C and ife ~ 0

where E t is the tangent modulus, which is the slope of the uniaxial stress-strain curve.
Next, let large deformation effects be included. Referred to general coordinates, the

contravariant components of stress are O"i
j
, and the contravariant components of the stress

deviator tensor s are
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The mixed tensor components s~ are defined as

i i 1 J:i-l<l
Sj = (1j-3UP Gk /

where ~~ = GikGkj is the Kronecker delta and tI'/Gk/ is the mean normal stress. The effective
stress is

~ i . t
(1e = (zsjs1)

3J i°-l</ 1 i"-I</ t= [2\(1)0- GikGj/- 3(1)0- GiPk/)] ,

and the yield function is still F = (1e - c. The generalized flow rule states that

• p 3( 1 1) ( k/ 1 -1</ ) Uetl° o= - --- (1 GkoGI"--Go:a Gk/ -
I) 2 E, E I) 3 I) (1e

(8)

(9a)

if (1e < c,

or (1e = c and ue ::;; 0 (9b)

where, as shown later, the tangent modulus E, is now defined as the slope of the true stress
natural strain curve in uniaxial tension. Note that the plastic strain given by (9a) satisfies
the plastic incompressibility condition. This can be seen by examining the rate of change of
volume which is

(lOa)

if (1e < C,

~(dV) = ~(J~dV) = ~J~GijG .. dV = J~Gij(n~.+nf.) dVdt dt g 2 g I) g 'II) ",) •

The change of volume contributed by the plastic strain rate is J(G/g)Gij~~ dV, which by
(9a) vanishes.

Combining equations (7) and (9) gives the full constitutive equation

~ij = ~ [~(1 +V)(GikU' + GjkU~)- VGijU~J

3(11)(-1</ 1 -1</ )ue
+"2 E,-E 0- GkiGIj-3GiP Gkl (1e if (1e = c and ue ~ 0

~ij = ~G(l+V)(GikU'+GjkU~)-VGijUZJ

or (1e = c and ue ::;; O. (lOb)

(lla)

Physically, equation (lOa) applies in the plastic loading region and (lOb) applies in the
plastic unloading or elastic region. The strain rate given by (lOa) depends not only on the
current stress rates but also on the whole stress and deformation histories.

In order to define Et precisely, let us now consider uniaxial tension. The stress-strain
relation then reduces to

. 1 .1 [1 1J 11 ue
till = E[Gll (11] + E, -E (1 Gll Gll (1e

if (1e < C,

(lIb)



690 WINSTON H. CHEN

where the effective stress (Je is (J11 G11 = (J~, by equation (8). Since (J11 is the tensor com
ponent referred to the base vector f 1 , which has the magnitude JG 11 , the corresponding
physical component of stress is

Therefore, equations (lla) and (11 b) become

~ 11 1.
-=-(J
G11 E

I
xx

The natural strain is defined by

(1) ( DUx) 1r; = In To = In 1 + a; = "2 1n(1 + 2'111)

(l2a)

(l2b)

(13)

where Ux is the displacement along the coordinate x; 10 and I are the original and the
current length of a cylindrical bar subjected to uniaxial tension. The rate of change of the
natural strain is

~11
G

11
'

(14)

By comparing (12) and (14), we obtain the following simple relations for the uniaxial
tension case:

~ 1.
'1 = E(Jxx

I

if (Jxx < C,

Now the tangent modulus EI is clearly seen to be the slope of the true stress-natural strain
curve as shown in Fig. 2, and Eis the linear relationship between r; and (Jxx when plastic
unloading occurs (as well as during loading in the absence of plastic flow). The constitutive
equation (10) is used under the condition that the (Jxx-r; relation (or equivalently Eand
EI ) in uniaxial tension is known.

The constitutive equation is complete, but its inversion (the stress rate in terms of the
strain rates) is still to be found. This inversion must be used in conjunction with the vari
ational equation (6), because we wish to write aii in terms of ~ij' and successively write ~ij
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FIG. 2. Uniaxial stress-strain relation.
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in terms of Ii and solve for ui
. The inversion of (10) is derived in the Appendix; the result is

if U e < C,

or Ue = C and sii~ii ~ O.

(15a)

(15b)

The field equations are now complete for analyzing large deformation problems. Note
that the Kirchhoff stress tjii appears in the equations ofequilibrium whereas the constitutive
equations involve aii. In the present analysis, however, qii can be approximated by uii. For
small deformations, G ~ g, so that qii = -J(G/g)uii ~ Uii. In the necking problem large
deformations occur, but since the plastic strain, which is incompressible, dominates the
elastic strain, the volume change caused by the total strain is very small. Then, since
-J(G/g) = dV/dV ~ 1, it is still true that qii ~ U ii. Therefore, qii will be replaced by uii

in the equations of equilibrium for simplicity.
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Finally, by the use of the constitutive equation (15) we can obtain another version
of the variational statement that turns out to be convenient for numerical analysis. It can
be easily verified that

t'Tijb~ij = Mij~ij

both for plastic loading and unloading. Therefore, if I is defined by

I = t f. (t'Tij~ij+ aij[gst(uD(uj)]) dV - f. fiUi dS
V ST

(16)

where ST is the part of the original surface on which traction rates are prescribed, then

is the same as the variational equation (6).

3. A PERFECT BAR UNDER UNIAXIAL TENSION

Before we go into the necking problem, let us study the uniform deformation of a perfect
circularly cylindrical bar under uniaxial tension. The bar has an initial length 2L and an
initial radius Ro as shown in Fig. 3. The ends of the specimen are subjected to a prescribed
uniform axial displacement UL' The radial displacement at the ends is unrestrained so
that the ends remain shear free during the elongation. The following is the solution for the
deformation ofthe perfect bar; this solution will be used for further comparison.

The physical axial displacement of the specimen is

Uz = a. Z

1-2Ro -1

x

kt----:;1t----2 L -- Y

FIG. 3. Perfect bar.

Ur
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where a = UJL is the engineering axial strain. The natural axial strain is ii = In(l +a).
For a given engineering strain a, the uniaxial stress in the specimen can be calculated by
the uniaxial stress-strain relation. In this paper, we will use the Ramberg-Osgood law [13]
to relate the uniaxial true stress azz and the natural strain ii as follows:

(17)

where n is the strain-hardening exponent, and K is a material constant. As shown in [13],
K is equal to ~aJE)l-n, where a. is a secant yield strength at which the secant modulus
E. = (aJii) = 0·7E. In the present analysis, it will be convenient to use the dimensionless
stress quantity (azz/a.). Rearranging equation (17) gives the following relation between
(azz/a.) and a given value of a:

(17a)

(18)

The radial displacement is Ur = br, where the engineering radial strain b can be found by
the use ofthe constitutive equation (lOa). Let '111 be the component ofthe Lagrangian strain
tensor in the r direction and let a33 be the only non-vanishing contravariant component
of the stress tensor (i.e. consistent with the cylindrical coordinate system ~1 = r, e = 0,
and ~3 = z); then ~11 = b+tb2 and a33G33 = a~ = a" = azz . One of the constitutive
relations of equation (lOa) reduces to

where the metric tensor Gll = (l +bf. Integration of it gives

[ (
a.) (azz) 3 (a.) (azz)nJb = exp - v E -;; +14 E -;; -1.

The radius ofthe specimen after deformation is R = Ro(l +b). Next the total load in dimen
sionless form is

(19)

Note that the values of b, (azz/a.) and (T/nR~a.) depend on three material parameters
only; namely, the strain-hardening exponent n, the ratio (aJE) and Poisson's ratio v.

For the particular values n = 8, (aJE) = 0·0072 (consistent with the values E = 25·8 X

106 psi and a. = 0·186 x 106 psi for Cr-Ni steel), and v = !, curves relating a and T/nR~a.,

and Rand T/nR~a. are plotted in Figs. 4 and 5. A very simple approximation for the
maximum value of the total load (found by neglecting elastic strains) is

( T) [3 (a)J-l /n
nR~a. max = 7ne

;
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FIG. 4. Total load vs. engineering axial strain for perfect bar.
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FIG. 5. Total load vs. current radius for perfect bar.
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and the corresponding values for the stress and engineering strains are

(u) [3 (u)J-l/n:.z T= Tmax = 7n
;

695

(ah= Tmax = e 1/n _1

(bh=Tmax = e- 1/2n _1.

This approximation should hold fairly well for n > 2 and n(u./E) « 1. For n = 8, for
example, (ah= Tmax is 0·133 and the corresponding natural axial strain is (i7)T= Tmax = 0·125.

4. FORMULATION OF THE NECKING PROBLEM

The tension specimen considered for the present necking problem is an imperfect
bar as shown in Fig. 6, of which the lateral surfaces deviate slightly from the straight
surfaces of the perfect bar of Fig. 3. The initial length of this imperfect bar is again 2L, but
its initial radius is R(z) = Ro(l- ee -<1Z

2
), where e(assumed small) is the maximum deviation

between the surfaces of the perfect and imperfect bar at z = 0, and IX is a positive decay
parameter.

The specimen is assumed to be axisymmetric about the z-axis and to be symmetric
with respect to the middle plane z = O. The only non-vanishing physical components of
displacement are Ur and UZ ' perpendicular and parallel to the z-axis, respectively. The

z

--2

uz{r, L,t) = UL{t)
.-

/ R{z) = Ro(l-e

,...L

L
V'

uz{r,-L,t) = - UL{t)

-az Z

e )

FIG. 6. Initially imperfect bar.
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non-vanishing physical components ofstress are (Jrn (J88' (Jzz and (Jrz' The stress and displace
ment components are functions ofr and z and the time-like variable t; they are independent
of () by axial symmetry. The boundary conditions imposed at the ends are the same as those
imposed on the perfect bar; namely, at the ends, uir, ±L, t) = ± UL(t). Also, the radial
displacement at the ends is unrestrained so that the ends remain shear free during the
elongation.

Referred to the cylindrical coordinates (r, (), z), the metric tensor gij has components

The contravariant and covariant components of the displacement are

u1 = U1 = Ur

u3 = U3 = Uz

and the stress tensor has contravariant components

The rates of the Lagrangian strain tensor components are

. ( 1 aur)aUr auz auz
'111 = +- -+--ar ar ar ar

~22 = (r+Ur)Ur

. _(1 auz)auz aUr aUr
'133 - + aZ aZ + aZ aZ

The covariant components of the metric tensor of the deformed body are

Gll = (1 +~;r+ (a;:r
G22 = (r+urf

(
au) 2 (au) 2

G33 = 1+ az
z

+ a;

_ _ (aur auz) (aur aUr auz auz)
G13 - G31 - az + ar + ar az + ar az

(20)

(21)
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(22)

The non-vanishing contravariant components of the stress deviator, Sl1, S22, S33 and S13,
are given by

The effective stress is

ae = g[(Sl1)2GIl +(S22)2G~2+(S33fG~3+2(S13)2GI3

+ 2(S13)2G11 G33 +2S11s33GI3 +4S11s13G11 G13

+ 4s13s33G13G33]} t.

(23)

(24)

For the present problem, let us continue to use the Ramberg-Osgood law (17) as the
uniaxial true stress-natural strain relation. The tangent modulus by definition is

(25)

In the following we will use the convenient dimensionless stress quantity (aii/a.) and also
the dimensionless quantities (sii/a.) and (ae/a.). Substitution of (25) into (15) gives

where

( ) [(
ik) ( jk) ]v E". kl a·1 a "I

+ (1 +v)(I-2v) a. G1JG ~kl- ;; GJ ~kl+ --;;: G
1

~kl (26)

28(1 +v) + 18n(ae/a.)ft 1

o

·f d ij- 0I ae = can s "'ij ~

if ae < c, or ac = c and

sii~ii :5: 0

(27a)

(27b)
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The constitutive relations in matrix form are
0'11

Cl1 C12 Cl:\ Cl4 ~11cr,

an
C2l Cn C24C23 ~22

cr.
(}'33

(28)

cr.
C3l Cn C33 C34 ~33

0'13
C4l C42 C43 C44 2~13

cr.

_~[ (cr~.l) G33 +2( cr~:) G13 + (cr::) Gll]
1 (E)[ ( 11)( 22} ( )JV 11 22 S S creC12 = C21 = -- - --G G - - - p-

l+v cr. 1-2v cr. cr. cr.

(29)
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With the use of the constitutive equation (28), the equation (16) of the variational
principle becomes

!-. = 21t rL
rR(Z) {Cll1}il +C221}~2+C331}~3+4C441}i3+2C121}111}22

Os Jo Jo

+ 2C131}111}33 + 4C141}1l1}13 + 2C231}221}33 +4C241}n1}13

+4C341}331}13 + (o:J [(~;) 2+ (~z) 2J + (0:s2)(Ur)2

+(°33
) [(OUr)

2
+ (OUz)21 +2{(13) [OUr OUr + oUz oUzJ}r drdz.

OS OZ oz J Os Or oz Or oz (30)

The surface integral of(16) vanishes, since the prescribed tractions vanish on all boundaries.
Equation (30), with the use of the strain-displacement relation (20) can be written in the
form

I iLiR(Z)
- = 21t
Os 0 0

[Quadratic terms in u" Uz and their derivatives] r dr dz. (31)

The variational principle M = 0, with the I of (31), will enable one to solve for ur and uz •

Finally, the geometric boundary condition that must be imposed on the displacements
are

(32)

at the end, and

(33)

at the middle, by symmetry.

5. METHOD OF SOLUTION AND NUMERICAL ANALYSIS

The governing equations of the present problem were approximately solved by the
Kantorovich approach [5] based on the variational principle M = 0, where I is given by
equation (31). In this method the displacements were assumed in the form

Ur = rf(z, t)+r3h(z, t) (34)

U z = g(z, t)+r2k(z, t) (35)

where f, h, g and k are functions of the space variable z as well as the time t. The axisym
metric conditions require that equation (34) contain only odd powers of r and that equation
(35) contain only even powers of r.

To analyze the necking process, we must calculate the stress oil and the displacement
U i as functions of r, z and t. The details of this calculation will be shown later; the follow
ing paragraph outlines briefly the computation steps involved in the procedure.

Assuming knowledge of the histories of oil and Uj at time t, calculate the displacement
rate (Ii;)t by the variational equation for a prescribed axial displacement rate 0 L at the end.
Then calculate (1}ij)t and (qiJ)t by the strain-displacement relations and the constitutive
equations, respectively. Next, extrapolate to find (Oij)t+At and (Ui)tHt' and then use this
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knowledge to calculate (Ui)I+M' Repeat the same procedure for successive small time
intervals and thus obtain the stress and displacement histories for a finite time span.

By this procedure, the displacement functions f, g, hand k of equations (34) and (35)
are assumed to be known at time t, and it is their rates f, g, hand k that are the unknowns
to be found. Substitution of the assumed displacements (34) and (35) into the equations
(20) for the rates of the Lagrangian strain tensor components gives

~ll = (1 +f +3r2h)(J+3r2h)+4r2kk

~22 = (1 +f +r2h)(J+r2h)

~33 = r2(fz + r2hz)(h +r2hz)+(1 +gz +r2kz)(gz+ r2kz)

~13 = ~31 = tr(fz+r2hz)(J+3r2h)+tr(1 +f +3r2h)(Jz+r2hz)

+rk(gz+r2kz)+r(1 +gz+r2kz)k. (36)

With the use of these relations, the expression (31) for the integral I of the variational
principles becomes

~ = r
L

[DuJ2+D12JJz+D13Jh+D14Jhz+Dls!gz+D16Jk+D17Jkz
(is Jo

+ D22 J; +D23 Jzh+ D24Jzhz+D2S Jzgz+ D26h k + D27 hkz

+ D33h2+D34hhz+D3Shgz+D36hk +D37hkz

+ D44h; +D4Shzgz +D46hJ +D4 7hJz

+ Dssg; +Ds6gJ+ DS7gJz

+ D66k2 +D67kkz

+D77k;] dz (37)

where the coefficients D~p are definite integrals with respect to r. For example

f
R(Z)

D ll = 2n 0 {C ll(1+f+3r2h)2+C22 (1+f+r2h)2

+2Cdl +f +3r2h)(1 +f + r2h) +2C 14r(1 +f +3r2h)(fz + r2hz)

+2C24r(1+ f +r 2h)(fz+r2hz)+C44r2(fz +r 2 hz)2

+(ill + (i22 r2}r dr

rR(Z)

D12 = 2n J
o

{2(C13 + C44)r2 (1 +f +3r2h)(fz +r2hz)

+2C23r 2(1 +f + r2h)(fz +r2hz)+2C14r(1 + f +3r2h)2

+ 2C24r(1 +f +r2h)(1 +f +3r2h)+2C34r3(fz +r2hz)2 +2ru13 }r dr.

The rest of these 28 coefficients are calculated in a similar fashion, but the results are not
shown here. All the D~p are, of course, functions of z.

The condition M = 0 can then be imposed in order to solve forf, g, hand k, as functions
of z. Let the integral domain of (37); namely, the plane bounded by z = 0, Land r = 0,
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R(z), be divided into m x n meshes, with m+1 mesh points in the r direction and n+1 mesh
points in the z direction (see Fig. 7); this initial grid of the undeformed configuration will be
used at all time t, since the variational equations (6) and so (37) involve only integrals over
the original, undeformed configuration of the body. Numerical calculation at time t starts
by the computation of Gjj , Gij, Sij, U e and Cij by means of equations (21H24), and (29) at

z

i= n+ 1
z = L

z·I

A z { R(z) = l-Ee -0

i= 1
-...

~-E.6r
j= 1 j=rn+l

FIG. 7. Grid for numerical computation.

each mesh point. In computing Cjj , we have to know whether a mesh point is governed by
the plastic loading conditions or by the plastic unloading conditions in order to calculate
P(ue/us) by (27a) or (27b) respectively. However, before the solutions for uj are found,
these plastic loading or unloading conditions cannot be checked, and hence the position
of the boundary between the plastic loading region and the plastic unloading region is not
known. In the present analysis, this boundary is determined by an iterative process which
will be described later. For now we just assume a trial position of the boundary in the
specimen and calculate P(ue/us) either by (27a) or (27b). After Cij is evaluated at each mesh
point, we integrate numerically along the r direction by Simpson's rule to get the Da./J of
(37). Then let the discrete values of J, g, h, k and Da./J at Zj (ith mesh point along the z-axis)
be /;, gj, hj, kj and (Da./J)j' By the use of the trapezoidal rule, equation (37) can be written
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approximately in the summation form
n

1= Lli
1

(38)

The variational principle OJ = 0, with the I of (38), implies that

(39)

for i = 2 to n. The natural boundary conditions of the variational principle are

(40)

at the middle z = 0, and

(41)

at the end z = L. In addition, the geometric boundary conditions (32) and (33) become

kn + 1 =0. (42)

Equations (39H42) constitute a system of 4(n+ 1) linear equations which contain
4(n+ 1) unknowns j;, ii' hi and ki (for i = 1-n+ 1). These equations were solved by Potter's
method (see Ref. [14]) with the aid of an IBM 360/65 computer. After j;, ii' hi and ki are
found, the displacement rates U, and Uz can be calculated by means of (34) and (35).

The calculated displacement rates ur and Uz are not necessarily the correct solution,
because they were obtained on the basis of an assumed position for the boundary between
the plastic loading and plastic unloading region. So after we calculate r,ij from Ui' we must
check the plastic loading conditions-namely, (fe = C (c is the maximum value of (fe which
has occurred in the stress history) and r,ijSi

j ~ o-at each mesh point in the assumed
plastic loading region. If these conditions are not satisfied, we redefine the mesh point
assumed to be plastically loading to plastically unloading. Similarly, we check the plastic
unloading conditions-namely, (fe < c, or (fe C and r,ijSij :$; o-for each mesh point in
the assumed plastic unloading region and make the required adjustment if necessary.
Thus we obtain a new position ofthe boundary. Then we calculate ui on the basis of the new
boundary and do the checking again. If this checking is successful, the last displacement
rate ui found is taken as the right solution. From these values for Ui' the strain rate r,ij and
the stress rate (iJij/(fs) are calculated by (36) and (28), successively.

The stress and the displacement at the time t +At are estimated by a simple parabolic
extrapolation of the form

assuming a knowledge of the various rates at the time t - At (initially at t = 0, it suffices to
use U At = uoL\t if L\t is sufficiently small). For convenience, the time-like variable twas
identified as the prescribed end displacement UL(t), so that itL = I and L\T = L\UL'

Finally, after the tensor components of stress were found, the physical components of
stress were calculated. At the neck, where shear strain does not occur, the dimensionless
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physical components of stress are simply:

703

(43)

The dimensionless total load T/nR~as was calculated at the neck by integrating (azz/as)
over the current area A of the neck; namely,

T 1 f --R2 = --2 (azz/as)dA.
n oas nRo

Since dA = 2n(r+ur )d(r+ur ) = 2n(1 +f +r2h)(1 +f +3r2h)rdr, equation (43) becomes

T 2 f.Ro
-

t
a

-2- = 2 -~-==(1 +f + r2h). (1 +f +3r2h)r dr (44)
nRoas Ro 0 as

with f and h being evaluated at z = O. The value of the total load was then obtained by
the numerical integration of (44).

6. RESULTS AND DISCUSSIONS

The results presented are based on the following conditions. The initial half-length of
the specimen is L = 2, and the initial radius is R(z) = 1_ee- z2

, with the imperfection
arbitrarily chosen as e = 0·005 (the results are not sensitive to the magnitude of e). The
strain-hardening exponent is n = 8, the ratio (a)E) is 0·0072 (E = 25·7 x 106 psi and
as = 0·186 x 106 psi) and Poisson's ratio is v = t. The results include the total load, the
displacements and the stress and strain distributions calculated at every stage of defor
mation. Each stage of deformation was specified by a different value of the engineering
axial strain UJL. In the present paper UJL was varied with increment 0·0025, from
oto 0·50, at which point the calculation was terminated for reasons which will be given later.
The spatial mesh sizes used in the numerical analysis were .:\r = 0·05 and .:\Z = 0·025.

6.1 The total load

Figure 8 shows a plot of the dimensionless total load T/nR~as [as calculated by (44)]
against the engineering strain UJ L. The total load reaches its maximum at UJ L = 0·145.
It is interesting to notice that the plastic unloading (which starts at the ends of the bar)
does not begin until UJ L reaches 0·180, which is slightly after the total load has started
decreasing.

For comparison, the plot of T/nR~asvs. UJL as shown in Fig. 4 for the perfect bar was
reproduced in Fig. 8. It is seen that the maximum value of the total load of the imperfect
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FIG. 8. Total load vs. engineering axial strain.

bar agrees quite well with that predicted for the perfect bar. The discrepancy between the
two total loads begins shortly after the total loads start decreasing.

The relation between T/1tR~(1s and the radius at the neck R is shown in Fig. 9. The
results for the perfect bar were also reproduced from Fig. 5 for comparison.

6.2 The displacements and the deformations

Figure 10 shows the radial displacement Ur on the lateral surface, r = R(z), at different
stages ofdeformation. During the earlier stages of deformation, the inward radial displace
ment increases quite uniformly throughout the length. But for later stages, the inward
radial displacement increases only locally at the middle. At the end of the specimen the
radius expands slightly when the total load decreases (see the enlargement in Fig. 10).

The axial displacement u" is shown in Fig. 11 for different stages of deformation. In
this figure the solid lines indicate the axial displacement on the lateral surface, r = R(z),
and the dashed lines show the axial displacement along the center line, r = O. The slopes
of these curves becomes much steeper at the middle for large values of UrJL. This implies
that the axial strain, which is approximately equal to the slope of these curves, becomes
concentrated locally at the middle when the deformation is large.

The localization of the displacements at the middle of the specimen as shown in Figs.
10 and 11 can easily be explained qualitatively as follows. The radius at the middle is
initially smaller than the radius at the ends due to the initial imperfection. As the elongation
proceeds, the stress and strain at the middle cross-section are larger than at the end cross
sections; therefore, the discrepancy between the radii increases. When the rate of decrease
ofcross-sectional area exceeds the rate ofincrease ofthe average axial stresses at the middle,
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the total load begins to decrease, Shortly after this, the effective stress decreases at the ends,
and hence plastic unloading begins. Once the plastic unloading occurs, the area contraction
at the ends stops (in fact, the radii at the ends expand slightly as a result of the decrease of
the axial stress); therefore, the discrepancy between the radii of the middle and the ends
accelerates. As the elongation increases further, the stress at the neck becomes larger, but
the cross~section contracts at an even faster rate, so that the total load decreases further.
This results in larger plastic unloading regions at the ends and aggravates the discrepancy
in the radii; thus, the displacements become localized at the middle.

The location of the boundary between the plastic unloading region and the plastic
loading region is shown in Fig. 12 at different stages ofdeformation. (To find each location,
it generally takes less than 10 iterations for the results to converge using the present mesh
size and time increment.) To the left of the boundary is the plastic loading region and to
the right of the boundary is the plastic unloading region. This boundary moves toward the
middle as the total elongation increases.

From the knowledge of the displacements, the shapes of the necked-down specimen
at different stages ofdeformation were calculated and are shown in Fig. 13. At UJL = 0·50,
the localized necking results in a 53 per cent reduction of the radius at the middle, while
the reduction of the radius at the end is only about 6·3 per cent. The detailed deformation
in the specimen can be seen from Figs. 14 (aHc). These figures show the deformations of a
square grid of the original body (see Fig. 7) at UJL =0·30, 0·40 and 0·50.

The shapes of the necked profiles of the tension specimen shown obviously resemble the
shapes observed in tests. However, no precise comparison has been made.

6.3 The strain and stress distributions
The stress and strain distributions have been calculated in the whole specimen during

its loading history. Only some of these distributions at the neck will be shown.
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Figures 15-17 show the Lagrangian strain tensor components across the neck section
at UJL = 0·25, 0·30 and 0·35. The maximum axial strain ('133)max is seen to occur at the
center. It is interesting to recall that the Bridgman [1] and Davidenkov and Spiridonova [2]
analyses were based on the assumption that the axial strain at the neck was uniform.

In the present analysis after the Lagrangian strain components are found, the value of
J(G/g), which was assumed to be close to 1 in order to use the approximation aij ~ qij,
was calculated. The maximum error of this assumption was found to be less than 1·5 per
cent for UJL under 0·50.
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FIG. 13. Necked shapes ofa tension specimen.
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The distributions of the physical components of stress, arr> a(J(J and azz' at the neck are
shown in Figs. 18(a), 19(a} and 20(a} for UJL = 0·25,0·30 and 0·35, and the distribution
of the effective stress at these stages of deformation are shown in Figs. 18(b}, 19(b} and 20(b}.
The analysis showed that for UJL less than 0·27, (azz}max occurs at the center as shown in
Fig. 18(a), and for UJL over 0·27, (azz}max moves between the center and the peripheral
surface as shown in Figs. 19(a) and 20(a}. The stress distributions shown may be inaccurate
at comparatively large deformations, since then a" does not vanish on the peripheral
surface at the neck. [The requirement arr = 0 on the peripheral surface at the neck is a
natural boundary condition of the variational principle; to impose this condition is beyond
the control of the present calculation process. The error in arr on the surface can be used
as a criterion for checking the accuracy; this accuracy can be improved by including more
terms in the power expansions in r in the assumed displacements (34) and (35).] The results
of the present analysis show that a" becomes negative on the peripheral surface. However,
these negative values for arr are localized near the peripheral surface only. Therefore the
stress distributions obtained may not be too incorrect inside the necked section. At UJL =
O·50, the negative value ofa" on the surface becomes about halfof(azz}max, and for this reason
the calculation was terminated.

Also shown in Figs. 18-20 are the stress distributions calculated by the formulas of
Bridgman, and Davidenkov and Spiridonova, on the basis of the neck shapes predicted
by the present analysis. These stress distributions are given by the formulas:
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Ue T
Us = 7tu.(R2 +2Rp)ln(1 + tRIp)

2. Davidenkov and Spiridonova
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Here the total load Tis calculated by (44), r is the distance from the centre, R is the current
neck radius and p is the radius of curvature at the neck. Both Rand p were measured from
the calculated shapes of the tension specimen shown in Fig. 13. The effective stress calcu
lated by [1,2] are seen to be close to the effective stress calculated by the present analysis.
But this seems to be a coincidence since the detailed stress and strain distributions of the
present analysis were not close to those of [1,2]. Perhaps it should be emphasized here
that the above comparison may not be very meaningful, since the radius R and the radius
ofcurvature p at the neck which were required for the calculation of the stress distributions
given by Refs. [1,2], were provided by the present analysis.

7. CONCLUDING REMARKS

The most significant result of the present analysis is that, for the first time, the shapes
and the deformations of a necked-down tension specimen were rationally calculated. The
stress and strain distributions in the specimen during its loading history were also found,
although the numerical results for them are still far from conclusive.

Some improvements of the numerical technique will be needed for the present analysis
to obtain more accurate results. Then, on the basis of the present analysis, the stress and
the deformation of a tension specimen throughout its loading history can be predicted if
the elastic constants and the strain-hardening characteristics of a material are known.
This will provide knowledge of the stress conditions in a necked-down tension specimen
before it fractures; thus it perhaps will lead to a better understanding of the fracture
phenomena in a tension bar, such as the cup-cone type fracture.
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APPENDIX

Inversion ofthe constitutive equation

Since

k d -let
GiJ/J'j = Gikd}U Gjl)

= GikGjIGkl+2Glk(J'kll/jl'

and

k d kl
G·kG. = G'k--~(J' G'I)
J' J d? •

G G -kl 2G kl= jk itU + jk(J' "III'

equation (lOa) can be rewritten as

(45)
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We multiply both sides of (45) by GriGsj and rearrange it to get

irrs = _E_ {GriGSj~.._~(~_~) (ffS_!GrsUkIG )Ue}
(l+v) I) 2 Et E 3 kl Ue

+_V_ Grsirk _(uriGsj;:, ..+usiGrj;:, ..)
1+V k 'II) 'II) ,

(46)

On the right hand side ire and ir~ are unknowns, In order to find ir~, we multiply (45) by
Gij to get

Gij~ij = ~[(1 +V)(&k'Gkl +2uk'~kl) - 3virr.J

in which (irkIGkl+2uk'~kl) = (d/dt)(uk'Gkl) = ir~. Rearranging (47) gives

·k _ _ E_Gij .
Uk - 1-2v l1ij'

(47)

(48)

Next, in order to find ire, we multiply (lOa) by sij and obtain

ij' _ ~[(1 ) i. j] ~(1 ~)( i j~Sl1ij-E +VS/'i+ 2Et - E SPira:' (49)

W'th th f th I t' 1 i 1 Ji:i -k'1 • i 1 Ji:1 • k d' 311 ..hi t'I e use 0 ere a IOns Sj = Uj-3UP", Sj = Uj-3U/'k an Ue = 2" Ue "Pi> equa IOn
(49) becomes

(50)

whence

sij~ .. = {~~+ (~-~)}u U
I) 3 E Et E e e

11 SIJ~.. ]
ue

= Ue ~ 1+V + ('~_~)
3 E Et E

Note that in (50), (lIEt -1/E) is always positive, so that the loading condition ue ~ 0 can
be replaced by Sii~ij ~ 0, Substitution of (48) and (50) into (46) gives the final form of the

inverted constitutive relations { ..( 1 1) kl I
s') --- S ~kl

. ii _ E ik'l . 3 Et E

• - (1 H) G G' ""-2 .;(~ (l;,j+ (L _~))

+ vE G1jGk1iJ _ (UikGil,,' +uikG iI ,,' )
(1 +v)(l- 2v) ',kl kl kl

if Ue = c and sij~ij ~ 0

.. E 'k'l VE .. kl
ir') = (1 + v) G' G) ~kl + (1 + v)(l- 2v) G')G ~kl

if U e < c,

or Ue = C and Sii~ij ~ O.

(Received 30 June 1970)
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A6CTpaKT-HccJleJJ.yeTcli 1aJJ.a~a WeiiKH npH OCeCHMMeTpH'IeCKOM paCTlIJKeHHH 06pa1l.\a, H1rOTOSJleHHOrO

H1 ynpyro-nJlaCTH'IeCKOrO MaTepHaJl3, npHMeHlIli o606weHHylO TeOpHIO Te'leHHlI J2 IJ,Jlll 60JlbWHX

IJ,e<!>0pM3l.\Hii. PeWalOTCli OnpelJ,eJllllOWHe YP3SHeHHlI MeTOIJ,OM K3HTOPOSH'I3, OCHOS3HHbiM H3 S3pHal.\

HOHHOM npHHl.\Hne. P3CCM3TPHS31OTClI 3<!><!>eKTbl T3K reOMeTpH'IeCKHX HeJlHHeiiHOCTdi, S03HHK31OWHX H3

60JIbWOi'l JJ.e<!>OpM3l.\HH, KaK H <!>H3H~eCKHX HeJlHHei'lHocTeii, lISJllllOWHXCli CJlelJ,CTSHeM nn3CTH'ieCKOrO

nOSelJ,eHHlI MaTepH3JIa. H3XOJJ.lITClI '1HCJleHHble pe1YJlbT3Tbi JJ.Jlll HanpllJKeHHi'I H HCTOpHH IJ,e<!>OpM3l.\HA,

JJ.Jlll 06pa1l.\a AO 50~,;, nOHHJKeHHlI panHyca WeAKH. <l>opMa lueiiKH OnpeAeJllleTClI, SnepSble. p3l.\HOHaJJbHO.


